Abstract: Let ℍ be a separable Hilbert space. In this paper, we establish a generalization of Walnut's representation and Janssen's representation of the ℍ-valued Gabor frame operator on ℍ-valued weighted amal-
Introduction
For α, β > 0, g ∈ L 2 (ℝ d ) and n, k ∈ ℤ d define M βn g(x) := e 2πi⟨βn,x⟩ g(x) and T αk g(x) := g(x − αk). The collection of functions G(g, α, β) = {M βn T αk g : [21, 39] ), where C r (ℝ d ) denotes the Lipschitz or Hölder space with 0 < r ≤ 1. Moreover, it is desirable to find a Gabor frame such that the generator g and its canonical dual γ have similar properties (viz. smoothness or decay) in applications (see [17] ). In this direction, the following results are known: If g has compact support, then in general, γ is no longer compactly supported but has exponential decay [8] , and in [10] , Del Prete proved that if g has exponential decay, then γ also has exponential decay. If g can be estimated by C(1 + |t|) −s , then the same holds for γ (see [37] ). It is natural to ask if g is in a given function space, whether its canonical dual is in the same space? The first result in this direction is due to Janssen [32] which ensures that if g is in the Schwartz space on ℝ d , then its canonical dual is in the same space. Gröchenig and Leinert [27] proved that if g is an element in the Feichtinger's algebra and G(g, α, β) is a Gabor frame for L 2 (ℝ d ), then the canonical dual γ is in the same space. In [34] , the authors prove that if G(g, α, β) is a Gabor frame generated by g ∈ W(L ∞ , L 1 v ), then the Gabor frame operator is invertible on the Wiener amalgam spaces W(L ∞ , L 1 v ), where v is an admissible weight function. In [40] , Weisz extended the analogous result on amalgam spaces W(L ∞ , L q v ) for 1 ≤ q ≤ 2. The above results were based on the reformulation of a noncommutative Wiener's lemma proved by Baskakov [5, 6] . In [3] , Balan et al. obtained a similar result for multi-window Gabor frames on Wiener amalgam spaces using a recent Wiener-type result on noncommutative almost periodic Fourier series [4] . The vector-valued Gabor frames or superframes were introduced by Balan [2] in the context of "multiplexing", and several well-known results for Gabor frames are extended to superframes in [1, 30] . The superwavelet and Gabor frames in L 2 (ℝ d , ℂ n ) is widely applicable in mathematics and several branches of engineering (see [1, 2, 12, 13, 28-30, 36, 41, 42] ). Using the growth estimates for the Weierstrass σ-function and a new type of interpolation problem for entire functions on Bargmann-Fock space, Gröchenig and Lyubarskii [28] obtained a complete characterization of all lattices Λ ⊂ ℝ 2 such that the Gabor system with first n + 1 Hermite functions (generators) forms a frame for L 2 (ℝ, ℂ n ).
The main objective of this article is to investigate the following for superframes on vector-valued amalgam spaces: (1) Walnut's representation for the superframe operator on vector-valued amalgam spaces, (2) convergence of Gabor expansions on vector-valued amalgam spaces, (3) invertibility of the superframe operator on vector-valued amalgam spaces.
We consider the separable Hilbert space valued Gabor frames and perform Gabor analysis on (2) and (3) for Gabor superframes and multi-window Gabor frames as a special case by choosing the appropriate separable Hilbert space ℍ (see Remark 3.8 and Remark 5.3). We start with the definition of ℍ-valued Gabor frames on L 2 (ℝ d , ℍ).
, the associated frame operator is given by
then we obtain Walnut's representation of the frame operator on ℍ-valued amalgam spaces (see Theorem 3.3):
where G n (x) is an element of B(ℍ), the class of all bounded linear operators on ℍ. Since we deal with vectorvalued functions, obtaining the above expression is a bit technical. The expression in Walnut's representation of the frame operator in (1.2) is similar to the scalar-valued case (see [26] ), but has a different meaning.
Further, we show that if the window function g ∈ W ℍ (C 0 , L 1 w ), the subspace formed by the functions of ℍ-valued Wiener space that are continuous, then the canonical dual is in the same space. To obtain this result, we show that the frame operator
) and the norm topologies. Such invertibility results are addressed for modulation spaces (see [24, 27] ) and for L p spaces (see [34] ) by using Wiener's 1/f lemma (see [4] [5] [6] ). We construct a Banach algebra of operators admitting an expansion like (1.2), and use a version of Wiener's 1/f lemma (see [4] ) to prove that the algebra is spectral within the class of bounded linear operators on
This paper is organized as follows: In Section 2, we provide basic background and define ℍ-valued amalgam spaces. In Section 3, we derive Walnut's representation for the ℍ-valued Gabor frame operator and discuss the convergence of ℍ-valued Gabor expansions. In Section 4, we prove the spectral invariance theorem for a subalgebra of weighted-shift operators in B(L p (ℝ d , ℍ)), and finally, in Section 5, we prove the invertibility of the frame operator
Notations and background
Throughout this paper, let ℍ denote a separable complex Hilbert space. Let Q α denote the cube Q α = [0, α) d , and χ E is the characteristic function of a measurable set E.
For a more detailed study of vector-valued functions, we refer to Diestel and Uhl [11] .
Clearly, for nonzero x and y, x ⊙ y is a rank one operator with ‖x ⊙ y‖ = ‖x‖ ‖y‖.
Gabor frames in
Assume that the Gabor system G(g, α, β) is a frame for L 2 (ℝ d , ℍ) with frame bounds A, B and let h be a vector in ℍ with unit norm. Then the analysis operator is a bounded mapping C g,h :
The adjoint operator of the analysis operator, called the synthesis operator is a bounded mapping R g,h :
The composition operator of analysis and synthesis operator is called the frame operator
The frame operator is strictly positive, invertible, self-adjoint satisfying
Weight functions
Weight functions play an important role in time frequency analysis and occur in many problems and contexts. For our study, we need the following types of weights:
A weight w is called admissible if it is submultiplicative, w(0) = 1, and w satisfies the Gelfand-Raikov-Shilov condition, namely lim k→∞ w(kx [31, Proposition 11.2.4] ). Throughout this paper, w will denote a submultiplicative weight function and v will denote a w-moderate function. Given a w-moderate weight v on ℝ d , we will often use the notationṽ to denote the weight on ℤ d defined byṽ (k) = v(αk), and for a weight v on ℝ 2d , we defineṽ (k, n) = v(αk, βn).
Amalgam spaces
Definition 2.5. Given a w-moderate weight v on ℝ d and given 1 ≤ p, q ≤ ∞, the weighted amalgam space
with obvious modification for q = ∞.
Throughout this paper, we denote the weighted amalgam space as
. We refer to [14-16, 20, 31] for discussions of weighted amalgam spaces and their applications. The space
is a Banach function space in the sense of [7] . The Köthe dual or associated space (see [7] 
is the space of all measurable functions g :
We refer to [31, Theorem 11.7 .1] for the duality result in scalar-valued amalgam spaces. We summarize the above discussions in the following lemma.
Lemma 2.6. Let v be a w-moderate weight and
1/p + 1/p = 1/q + 1/q = 1. For 1 ≤ p, q < ∞, the dual space of W ℍ (L p , L q v ) is W ℍ (L p , L q 1/v ) and the Köthe dual of W ℍ (L p , L q v ) is W ℍ (L p , L q 1/v ).
ℍ-valued Gabor expansions in weighted amalgam spaces
The theory of Gabor expansions on Wiener amalgam spaces has been discussed in [18, 22, 25, 26] for a sep-
In this section, we generalize and extend Walnut's representation of the ℍ-valued frame operator and show the convergence of
From the uniqueness of the Fourier coefficients for functions in
and
with the usual change if q = ∞.
2πiβ⟨n,x⟩ (3.1) in the sense that the square partial sums of (3.1) converge to m k in the norm of L p (Q 1/β , ℍ), cf. [9] ( [33, 43] for the scalar-valued case). Hence for 1 < p < ∞ and 1 ≤ q < ∞, we can write the norm on S p,q
The analysis and synthesis operators associated with the ℍ-valued Gabor frame are defined as follows:
, define the analysis operator by
where ⊙ is defined as in Definition 2.4. So
Applying the Poisson summation formula,
, define the synthesis operator by
,
From the above observations, we obtain the analogue of Walnut's representation for ℍ-valued Gabor frames in the following theorem. 
w ) with h ∈ ℍ be given. If ‖h‖ ℍ = 1, then the following statements hold:
We need the following lemma to prove Theorem 3.3. 
, and the functions G n are defined by (3.5), then
Proof. Using the fact that w is w-moderate and the translation invariance property for moderate weights (see
. Using a similar idea as in [23, Lemma 6.3 .1], we get the above inequality. 
Then the Fourier series
. By substituting this into Walnut's representation, we obtain the expression
or in operator notation,
This is the ℍ-valued analogue of Janssen's representation for the ℍ-valued frame operator S g,γ . Using Janssen's representation, we obtain the ℍ-valued analogue of the Wexler-Raz biorthogonality relation in the following theorem. 
Proof. The implication (ii) ⇒ (i) is a trivial consequence of Janssen's representation. For the converse (i) ⇒ (ii), assume that S g,γ = I. Let f, h ∈ L ∞ (Q 1/β , ℍ), and let l, m ∈ ℤ d be arbitrary. Then
By density, this identity extends for all f, h ∈ L 2 (Q 1/β , ℍ). ℍ) . However, we show that the series m k converges unconditionally in L p (Q 1/β , ℍ) (weakly if p = ∞). For each fixed k, we consider
Proof of Theorem 3.3. (a) Given that
Taking the supremum over h with unit norm, we get
where
This shows the convergence of the series defin-
We show that the sequence r(k) ∈ ℓ qṽ , which would imply C g,h f ∈ S p,q v (ℍ). Take the sequence a ∈ ℓ q 1/ṽ . Then we have
Taking the supremum over sequences a with unit norm as in (3.7), we get
. This proves (a).
That means, for every ϵ > 0, there exists a finite set F 0 such that
Using (3.8), we get
This completes the proof for the case 1
, a similar argument as in (3.8) and (3.9) will imply the convergence of R g,h in the weak topology when p = ∞ or q = ∞ and the estimate
10). This proves part (b). (c) Now we show the frame operator R
Replacing α by 1/β in (3.11), we get
The interchanges of integration and summation can be justified by Lemma 3.4 and Fubini's theorem. This proves (c).
Convergence of Gabor expansions
Proposition 3.7. Let α, β > 0 and 1 
Proof. (a) Let ϵ > 0 be given. Write
Again, repeating a similar argument as above and using (3.1), we have 13) where S N m k = ∑ |n|≤N d kn e 2πiβ⟨n,x⟩ converges to m k in the norm of L p (Q 1/β , ℍ), cf. [9] . Finally,
where for each k ∈ ℤ d , we can find a C 1 > 0 which satisfies
Choose K 0 , N 0 ∈ ℕ such that the inequalities (3.12)-(3.14) are satisfied for all ℍ) . This would imply G n (x) = δ n0 β d I B(ℍ) for almost all x ∈ ℝ d . Using (3.4) and the conclusion of the previous part together proves (b).
Walnut's representation for the superframe operator and the multi-window Gabor frame operator can be obtained by choosing an appropriate Hilbert space in Theorem 3.3. However, we list out some consequences of Theorem 3.3 and Proposition 3.7 in the following remark.
Remark 3.8. (i) If ℍ = ℂ, then the rank one operator x ⊙ y turns out to the pointwise product xy and all the above results for the ℍ-valued Gabor frame, viz. Walnut's representation of the ℍ-valued Gabor frame operator, convergence of Gabor expansions, etc., coincides with the results for the scalar-valued Gabor frames (see [18, 26, 38, 40] ).
(ii) If ℍ = ℂ n , then the ℍ-valued Gabor frame is the super Gabor frame (see [28] ). The Gabor expansions for the Gabor superframes on vector-valued amalgam spaces also converges by Proposition 3.7.
(
ℍ is the direct sum of r Hilbert spaces), then ℍ is also a Hilbert space with respect to the inner product
) with respect to a single lattice Λ = αℤ × βℤ is given by
and S g i ,γ i is the frame operator of the Gabor system on 
If we endow A w with the product and involution inherited from B(
and the involution by
Notice that the identification of families in A w and operators on B(L p (ℝ d , ℍ)) is one-to-one. We simply 
Proof. The proof of the proposition follows by a straightforward calculation.
Spectral invariance
In order to identify the class A w ⊂ B(L p (ℝ d , ℍ)) with AP p w (ρ), the class of ρ-almost periodic elements having w-summable Fourier series, we need the following definitions and necessary theory and apply [4, Theorem 3.2] .
), where g(x) = e −2πi⟨y,x⟩ f(x).
Clearly, ρ is a representation of
is an algebra automorphism and an isometry.
Definition 4.4. A continuous map
Then Y extends uniquely to a continuous map of the 
If the mapM is continuous and almost periodic in the sense of Bohr, the operator
The coefficients 
Since w is submultiplicative, for M ∈ AP p w (ρ), the serieŝ For p = ∞, the two classes are different. Now we are in a position to prove that the algebra A w is spectral within the class of bounded operators on L p (ℝ d , ℍ). This means, if an operator from A w is invertible on L p (ℝ d , ℍ), then the inverse operator necessarily belongs to A w . In other words, invertibility in the bigger algebra implies the invertibility in the smaller algebra. To prove these kind of results, one makes use of Wiener's 1/f lemma or its several versions. We resort to a recent Wiener-type result on noncommutative almost periodic Fourier series [4, Theorem 3.2 ] to obtain the following theorem. 
